Matching preclusion for k-ary n-cubes  by Wang, Shiying et al.
Discrete Applied Mathematics 158 (2010) 2066–2070
Contents lists available at ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Matching preclusion for k-ary n-cubes✩
Shiying Wang ∗, Ruixia Wang, Shangwei Lin, Jing Li
School of Mathematical Sciences, Shanxi University, Taiyuan, Shanxi, 030006, People’s Republic of China
a r t i c l e i n f o
Article history:
Received 18 September 2009
Received in revised form 2 August 2010
Accepted 10 August 2010
Available online 30 August 2010
Keywords:
Interconnection networks
Perfect matching
Almost perfect matching
k-ary n-cubes
a b s t r a c t
The (conditional) matching preclusion number of a graph is the minimum number of
edges whose deletion leaves a resulting graph (with no isolated vertices) that has neither
perfect matchings nor almost perfect matchings. In this paper, we prove that the matching
preclusion number and the conditional matching preclusion number of the k-ary n-cube
with even k ≥ 4 are 2n and 4n− 2, respectively.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, we only consider finite and simple graphs (without loops or multiple edges). Let G be a graph of
order n. A matching M of G is a set of pairwise nonadjacent edges. A matching M of G is called a perfect matching and an
almost perfect matching if its size |M| is equal to n/2 and (n − 1)/2, respectively. A set F of edges in G is called a matching
preclusion set if G− F has neither a perfect matching nor an almost perfect matching. Thematching preclusion number of G,
denoted bymp(G), is the cardinality of a minimummatching preclusion set in G. If G has neither a perfect matching nor an
almost perfect matching, thenmp(G) = 0. The concept of matching preclusion was introduced by Brigham et al. in [5] and
further studied by Cheng and Lipták [7] and Park [11]. They introduced this concept as a measure of robustness in the event
of edge failure in interconnection networks, as well as a theoretical connection to conditional connectivity, ‘‘changing and
unchanging of invariants’’. We refer the readers to [5] for details and additional references.
In a graph G of even order, the set of all edges incident to a single vertex forms a matching preclusion set. So we have the
following proposition.
Proposition 1.1 ([6]). Let G be a graph of even order. Then mp(G) ≤ δ(G), where δ(G) is the minimum degree of G.
A matching preclusion set of a graph is trivial if all its edges are incident to a single vertex.
In the event of a random link failure, it is very unlikely that all of the links incident to a single vertex fail simultaneously.
Motivated by this, Cheng et al. in [6] defined the conditional matching preclusion number of a graph G, denoted by mp1(G),
as the minimum number of edges whose deletion leaves a resulting graph with no isolated vertices and without a perfect
matching or an almost perfect matching. Define mp1(G) = 0 if G has neither a perfect matching nor an almost perfect
matching, or if G has no conditional matching preclusion set.
Itwas observed in [6] that for a graph of even order, a basic obstruction to a perfectmatching is the existence of a pathuvw
where the degrees of u andw are both one. So to produce such an obstruction set, one can pick any path uvw in the original
graph and delete all the edges incident to either u or w but not v. We define νe(G) = min{dG(u) + dG(w) − 2 − yG(u, w):
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Fig. 1. Q kn is divided into Q [0], Q [1] , . . . ,Q [k− 1].
there exists v ∈ V (G) such that uvw is a path}, where dG(·) is the degree function and yG(u, w) = 1 if u andw are adjacent
and 0 otherwise. So mirroring Proposition 1.1, the following result is direct.
Proposition 1.2 ([6]). Suppose that G is a graph of even order and every vertex in G has degree at least three. Then mp1(G) ≤
νe(G).
A conditional matching preclusion set of a graph is trivial if all its edges are incident to u and w but not v, where uvw is
a path of length two.
It is not difficult to see that for any graph G, we have that mp(G) ≤ mp1(G) and if mp(G) < mp1(G), then the minimum
matching preclusion set must be trivial.
The conditional matching preclusion numbers and the minimum conditional matching preclusion sets for complete
graphs, complete bipartite graphs, and hypercubes were studied in [6], and for hypercube-like interconnection networks
in [12]. The k-ary n-cube has beenwidely studied in [1,2,4,9,14]. The k-ary n-cube hasmany desirable properties, such as ease
of implementation, low-latency and high-bandwidth inter-processor communication. Therefore, a number of distributed-
memory parallel systems have been built with a k-ary n-cube forming the underlying topology, such as the iWarp [13], the
J-machine [10] and the Cray T3D [8]. In this paper, we will determine the matching preclusion number and the conditional
matching preclusion number of a k-ary n-cube with even integer k. We will use standard terminology in graphs (see [3]).
2. Matching preclusion for k-ary n-cubes
The k-ary n-cubeQ kn (k ≥ 2 and n ≥ 2) is a graph consisting of kn vertices, each ofwhich has the form u = un−1un−2 . . . u0,
where 0 ≤ ui ≤ k − 1 for 0 ≤ i ≤ n − 1. Two vertices u = un−1un−2 . . . u0 and v = vn−1vn−2 . . . v0 are adjacent if and
only if there exists an integer j, 0 ≤ j ≤ n − 1, such that uj = vj ± 1 (mod k) and ul = vl, for every l ∈ {1, 2, . . . , n} \ {j}.
For clarity of presentation, we omit writing ‘‘(mod k)’’ in similar expressions for the remainder of the paper. Note that each
vertex has degree 2n when k ≥ 3 and n when k = 2. Obviously, Q 2n is an n-dimensional hypercube. We observe that Q kn is
bipartite if and only if k is even. An index d ∈ {0, 1, . . . , n − 1} is often referred to as a dimension. We refer to xy ∈ E(Q kn )
where x differs from y in the dth position, for 0 ≤ d ≤ n− 1, as an edge of dimension d. We denote by Ed, for 0 ≤ d ≤ n− 1,
the set of all edges of dimension d. Let Q kn [i], for every 0 ≤ i ≤ k− 1, be the subgraph of Q kn induced by the vertices labelled
by un−1un−2 . . . ud+1iud−1 . . . u0 (abbreviated as Q [0],Q [1], . . . ,Q [k − 1], if there are no ambiguities; see Fig. 1). Then the
components ofQ kn −Ed are Q [0],Q [1], . . . ,Q [k−1]. It is easy to see that Q [0],Q [1], . . . ,Q [k−1] are k copies of Q kn−1. Note
that the corresponding vertices in Q [0],Q [1], . . . ,Q [k − 1] are joined in a cycle of length k (in dimension d) and so each
Q kn [Ed] is the union of kn−1 edge-disjoint cycles of length k. If k is even, then each Q kn [Ed] contains two edge-disjoint perfect
matchings ofQ kn and soQ
k
n has 2n edge-disjoint perfectmatchings. Let x be a vertex inQ [i]. Then the counterpart neighbors of
x inQ [i+1] andQ [i−1] are denoted by ni+1(x) and ni−1(x), respectively. For 0 ≤ i ≠ j ≤ k−1, we useQ kn [i : j] (abbreviated
as Q [i : j], if there is no ambiguity) to denote the subgraph of Q kn which is induced by {u : u ∈ V (Q [l]), l = i, i+ 1, . . . , j}.
Given two integersm ≥ 3 and n ≥ 3, the two-dimensionalm× n torus denoted by Torus(m, n) is a graph consisting of
mn vertices; each vertex is identified by va,b where a and b are integers with 0 ≤ a ≤ m−1 and 0 ≤ b ≤ n−1. Two vertices
va,b and va′,b′ are adjacent if and only if either a = a′ and b = b′ ± 1 (mod n) or b = b′ and a = a′ ± 1 (modm). For clarity
of presentation, we omit writing ‘‘(mod n)’’ or ‘‘(mod m)’’ in similar expressions. Fig. 2 shows Torus(3, 5). The subgraph of
Torus(m, n) induced by {va,b : 0 ≤ a ≤ m−2, 0 ≤ b ≤ n−1} is denoted by Row-Torus(m−1, n). Row-Torus(3, 5) is shown
in Fig. 3. Note that Torus(m, n) is the Cartesian product of Cm and Cn, and Row-Torus(m, n) is the product of Pm−1 and Cn,
where Ca is a cycle of length a and Pb is a path of length b. It is clear that Torus(k, k) is isomorphic to Q k2 . Let G be Torus(m, n).
For 0 ≤ i ≤ j ≤ m− 1, Row(i : j) is the subgraph of G induced by {va,b : i ≤ a ≤ j, 0 ≤ b ≤ n− 1}. For 0 ≤ i ≤ j ≤ n− 1,
Col(i : j) is the subgraph of G induced by {va,b : 0 ≤ a ≤ m− 1, i ≤ b ≤ j}. Row(i : i) and Col(j : j) are denoted by Row(i)
and Col(j), respectively.
The following result of Bondy and Murty [3] plays an important role in our investigation.
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Fig. 2. Torus(3, 5).
Fig. 3. Row-Torus(3, 5).
Lemma 2.1 ([3]). Let k > 0 be an integer. Then every k-regular bipartite graph has k edge-disjoint perfect matchings.
Lemma 2.2. Let G be a k-regular bipartite graph. Then mp(G) = k.
Proof. The result is immediate from Proposition 1.1 and Lemma 2.1. 
Let k ≥ 4 be an even integer and Ck be a cycle of length k. Noting that Ck is bipartite, by Lemma 2.1,mp(Ck) = 2. It is not
difficult to see thatmp1(Ck) = 2 for k ≥ 6 andmp1(C4) = 0.
Lemma 2.3. Let k ≥ 4 be an even integer. Then the following statements hold:
(a) mp(Row-Torus(2, k)) = 3;
(b) every minimum matching preclusion set in Row-Torus(2, k) is trivial;
(c) mp1(Row-Torus(2, k)) = 4.
Proof. (a) Since Row-Torus(2, k) is a 3-regular bipartite graph, by Lemma 2.2,mp(Row-Torus(2, k)) = 3.
(b) Let F be a minimum matching preclusion set and so |F | = 3 from (a). We define Me = {vi,jvi,j+1 : i = 0, 1, j =
0, 2, . . . , k − 2}, Mo = {vi,jvi,j+1 : i = 0, 1, j = 1, 3, . . . , k − 1} and Mc = {v0,jv1,j : j = 0, 1, . . . , k − 1}. Note that
Me,Mo andMc are three edge-disjoint perfect matchings of Row-Torus(2, k). Therefore, each ofMe,Mo andMc contains
exactly one edge of F . Denote Ci = vi,0vi,1 . . . vi,k−1vi,0, i = 0, 1. Since k is an even integer, Ci, i = 0, 1, has two edge-
disjoint perfect matchings. If each of C0 − F and C1 − F has a perfect matching, then Row-Torus(2, k)− F has a perfect
matching, a contradiction. So one of them has no perfect matching, say C0. Since mp(C0) = 2 and Mc contains exactly
one edge of F , we have that C0 contains exactly two edges of F , Me contains exactly one edge of F and C1 contains no
edge of F .
By symmetry, assume that v0,0v1,0 ∈ F . Suppose that F contains at most one of v0,0v0,1 and v0,0v0,k−1. Without loss
of generality, assume that v0,0v0,1 is not in F . Then (Mc ∪ {v0,0v0,1, v1,0v1,1}) \ {v0,0v1,0, v0,1v1,1} is a perfect matching
of Row-Torus(2, k)− F , a contradiction. Hence v0,0v0,1 and v0,0v0,k−1 are both in F , which implies that F is trivial.
(c) Since Row-Torus(2, k) is 3-regular and it has no triangles, νe(Row-Torus(2, k)) = 4. By Proposition 1.2,
mp1(Row-Torus(2, k)) ≤ 4. By (b), we will getmp1(Row-Torus(2, k)) = 4. The proof is complete. 
Lemma 2.4. Let k ≥ 4 be an even integer. Then the following statements hold:
(a) mp(Torus(k, k)) = 4;
(b) every minimum matching preclusion set in Torus (k, k) is trivial;
(c) mp1(Torus(k, k)) = 6.
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Proof. First, we defineMre = {vi,jvi,j+1 : i = 0, 1, . . . , k− 1, j = 0, 2, . . . , k− 2},Mro = {vi,jvi,j+1 : i = 0, 1, . . . , k− 1, j =
1, 3, . . . , k− 1},Mce = {vi,jvi+1,j : i = 0, 2, . . . , k− 2, j = 0, 1, . . . , k− 1} andMco = {vi,jvi+1,j : i = 1, 3, . . . , k− 1, j =
0, 1, . . . , k − 1}. Note that Mro,Mre,Mce, and Mco are four edge-disjoint perfect matchings of Torus(k, k) and partition the
edge set of Torus(k, k).
(a) Since Torus(k, k) is a 4-regular bipartite graph, by Lemma 2.2,mp(Torus(k, k)) = 4.
(b) Let F be a minimum matching preclusion set in Torus(k, k) and so |F | = 4 from (a). It is easy to see that each
of Mro,Mre,Mce, and Mco contains exactly one edge of F . If Row[i : i + 1] − F has a perfect matching for each
i = 0, 2, . . . , k−2, then Torus(k, k)− F has a perfect matching, a contradiction. Without loss of generality, assume that
Row[0 : 1]− F has no perfect matching. Since Row[0 : 1] ∼= Row-Torus(2, k), by Lemma 2.3(a),mp(Row[0 : 1]) = 3. So
Row[0 : 1] contains at least three edges of F . Again, since E(Row[0 : 1]) ∩ Mco = ∅ and Mco contains exactly one edge
of F , Row[0 : 1] contains exactly three edges of F . By Lemma 2.3(a) and (b), the three edges in Row[0 : 1] are incident
to some vertex of Row[0 : 1]. Without loss of generality, assume that it is v0,0. Now it is enough to show that v0,0vk−1,0
is also in F . Suppose, on the contrary, that the edge v0,0vk−1,0 is not in F . Since Mco contains exactly one edge of F , at
least one of the edges v0,1vk−1,1 and v0,k−1vk−1,k−1 is not in F . Without loss of generality, assume that v0,1vk−1,1 is not
in F . Note that Row[0] contains two edges of F and Row[i], i = 1, . . . , k − 1 contains no edge of F . So Mre is a perfect
matching in Torus(k, k)− F +v0,0v0,1. Now (Mre∪{v0,0vk−1,0, v0,1vk−1,1})\ {v0,0v0,1, vk−1,0vk−1,1} is a perfect matching
in Torus(k, k)− F , a contradiction.
(c) We first observe that νe(Torus(k, k)) = 6. By Proposition 1.2, and by (a) and (b) above, 5 ≤ mp1(Torus(k, k)) ≤ 6.
Suppose mp1(Torus(k, k)) = 5 with F as a corresponding conditional matching preclusion set. Since Mre,Mro,Mce, and
Mco are four edge-disjoint perfect matchings and partition the edges of Torus(k, k), we may, without loss of generality,
assume that |Mco ∩ F | = 2. Then the union of E(Row[0 : 1]), E(Row[2 : 3]), . . . , E(Row[k− 2 : k− 1]) contains three
edges of F in total. If Row[i : i+ 1] − F has a perfect matching for each i = 0, 1, . . . , k− 2, then Torus(k, k)− F has a
perfect matching, a contradiction. Without loss of generality, assume that Row[0 : 1] − F has no perfect matching. By
Lemma 2.3(a) and (b), Row[0 : 1] contains three edges of F and these edges are incident to some vertex in Row[0 : 1].
Without loss of generality, assume that it is v0,0. Since F is a conditional matching preclusion set, v0,0vk−1,0 is not in F .
Suppose that either v0,1vk−1,1 or v0,k−1vk−1,k−1 is not in F . By an argument similar to the proof of (b), we can get a
contradiction.
Nextwe suppose that both v0,1vk−1,1 and v0,k−1vk−1,k−1 are in F . In this case, F = {v0,0v0,1, v0,0v1,0, v0,0v0,k−1, v0,1vk−1,1,
v0,k−1vk−1,k−1}. Consider Col(i), i = 0, 1, . . . , k − 1. Note that |E(Col(i)) ∩ F | = 0 for i = 2, 3, . . . , k − 2, and
|E(Col(j)) ∩ F | = 1 for j = 0, 1, k − 1. Since Col(i), i = 0, 1, . . . , k − 1, is a cycle of length k, which has two edge-disjoint
perfect matchings, Col(i)− F has a perfect matching for each i = 0, 1, . . . , k− 1, denoted byMi. Then ∪k−1i=0 Mi is a perfect
matching in Torus(k, k)− F , a contradiction. The proof is complete. 
Note that if k is even, Q kn is a 2n-regular bipartite graph. By Lemma 2.2, we have the following result.
Theorem 2.5. Let k ≥ 4 be even. Then mp(Q kn ) = 2n.
Lemma 2.6. Let k ≥ 4 be even. Then every minimum matching preclusion set of Q kn is trivial.
Proof. The proof proceeds by induction on n. The statement for n = 2 is true by Lemma2.4(b) and the fact that Torus(k, k) ∼=
Q k2 . Suppose, as our induction hypothesis, that n ≥ 3 and the result holds for Q kn−1. Let F be aminimummatching preclusion
set of Q kn . By Theorem 2.5, |F | = 2n.
We divide Q kn into Q [0],Q [1], . . . ,Q [k − 1] over dimension n − 1. If each of Q [0] − F ,Q [1] − F , . . . ,Q [k − 1] − F
has a perfect matching, then Q kn − F has a perfect matching, a contradiction. Therefore, we may assume, without loss of
generality, that Q [0] − F has no perfect matching. By Theorem 2.5, we have |E(Q [0]) ∩ F | ≥ 2n − 2. Recall that Q kn [En−1]
contains two edge-disjoint perfect matchings of Q kn . This implies that |En−1 ∩ F | ≥ 2. Therefore, |E(Q [0] ∩ F)| = 2n − 2
and |En−1 ∩ F | = 2. Recall that Q [0] is isomorphic to Q kn−1. By the induction hypothesis, Q [0] − F has an isolated vertex u.
Therefore, F contains at most two edges not incident to uwhich are edges of dimension n− 1. Similarly, when we divide Q kn
into Q [0],Q [1], . . . ,Q [k− 1] over dimension 0, there exists a vertex v such that F contains at most two edges not incident
to v which are edges of dimension 0. Since n ≥ 3, we have 2n − 2 ≥ 4. Therefore, there are at least two edges which are
incident to both v and u. This implies that u = v and so F is the set of edges incident to u. The proof is complete. 
Theorem 2.7. Let k ≥ 4 be even. Then mp1(Q kn ) = 4n− 2.
Proof. The proof proceeds by induction on n. Since Torus(k, k) ∼= Q k2 , by Lemma 2.4(c), the result is true for n = 2. Suppose,
as our induction hypothesis, that n ≥ 3 and the result holds for Q kn−1.
It is easy to see that νe(Q kn ) = 4n − 2. So it follows that mp1(Q kn ) ≤ 4n − 2 from Proposition 1.2. Next we will show
thatmp1(Q kn ) ≥ 4n− 2. Suppose, on the contrary, that there exists a conditional matching preclusion set F of Q kn such that|F | ≤ 4n− 3.
Claim 1. There exists d∗ ∈ {0, 1, . . . , n − 1} such that when we divide Q kn into Q [0],Q [1], . . . ,Q [k − 1] along dimension d∗,
Q [i] − F has no isolated vertices for every i ∈ {0, 1, . . . , k− 1}.
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Suppose, on the contrary, that for every d ∈ {0, 1, . . . , n−1}, there exists id ∈ {0, 1, . . . , k−1} such that whenwe divide
Q kn into Q [0],Q [1], . . . ,Q [k− 1] along dimension d, Q [id] − F has an isolated vertex ud. Since F is a conditional matching
preclusion set and u0 is an isolated vertex of Q [i0], there exists an edge u0v of dimension 0 such that u0v ∉ F . Again, since
u1 is an isolated vertex of Q [i1], all edges of dimension 0 which are incident to u1 are in F . Hence, u0 and u1 are distinct.
Similarly, u0, u1, u2 are pairwise distinct vertices. Since ud is an isolated vertex of Q [id]− F , there exist at least 2n− 2 edges
of F which are incident to ud. Combining thiswith the fact thatQ kn contains no triangle, we have 4n−3 ≥ |F | ≥ 3(2n−2)−2,
a contradiction to n ≥ 3. The proof of Claim 1 is complete.
Now we divide Q kn into Q [0],Q [1], . . . ,Q [k− 1] over dimension d∗. If each of Q [0 : 1] − F , Q [2 : 3] − F , . . . ,Q [k− 2 :
k− 1] − F has a perfect matching, then Q kn − F contains a perfect matching, a contradiction. So without loss of generality,
assume that Q [0 : 1] − F contains no perfect matching. Let Fi = F ∩ E(Q [i]) for i = 0, 1 and let F01 ⊆ F be the set of edges
between Q [0] and Q [1]. If |F01| = 0, then Q [0 : 1] − F has a perfect matching, a contradiction. Hence |F01| ≥ 1.
Claim 2. |E(Q [0 : 1]) ∩ F | ≥ 4n− 4.
Suppose, on the contrary, that |E(Q [0 : 1])∩F | ≤ 4n−5. Since |F01| ≥ 1, we have |F0|+|F1| ≤ 4n−6. If bothQ [0]−F and
Q [1]−F contain perfectmatchings, thenQ [0 : 1]−F contains perfectmatchings, a contradiction. Therefore,wemay assume,
without loss of generality, thatQ [0]−F contains no perfect matching. According to the choice of d∗,Q [0]−F has no isolated
vertices. By the induction hypothesis, |F0| ≥ 4n− 6. Hence we have that |F0| = 4n− 6, |F1| = 0 and |F01| = 1. Assume that
F01 = {xn1(x)}, where x ∈ V (Q [0]). Since Q [0] − F has no isolated vertex, there exists an edge xy ∉ F0 in Q [0]. Since the set
M of edges between Q [0] and Q [1] is a perfect matching of Q [0 : 1], (M ∪ {xy, n1(x)n1(y)}) \ {xn1(x), yn1(y)} ⊆ E(Q kn )− F
is also a perfect matching of Q [0 : 1], a contradiction. The proof of Claim 2 is complete.
Note thatM ′ = E(Q kn )\ E(Q [0 : 1]∪Q [2 : 3]∪ · · ·∪Q [k−2 : k−1]) is a perfect matching of Q kn . Therefore,M ′∩ F ≠ ∅.
This together with Claim 2 implies that E(Q [i])∩ F = ∅ for i ∈ {2, 3, . . . , k− 1}, |F | = 4n− 3, |Q [0 : 1] ∩ F | = 4n− 4 and
|M ′ ∩ F | = 1.
Consider Q [1 : 2] − F ,Q [3 : 4] − F , . . . ,Q [k − 1 : 0] − F . Similarly, there is an odd integer j ∈ {0, 1, . . . , k − 1} such
that |Q [j : j + 1] ∩ F | = 4n − 4 andM ′′ = E(Q kn ) \ E(Q [1 : 2] ∪ Q [3 : 4] ∪ · · · ∪ Q [k − 1 : 0]) contains exactly one edge
of F . Noting that |F01| ≥ 1 and F01 ⊆ M ′′, it follows that |F01| = 1. Since |Q [0 : 1] ∩ F | = |Q [j : j + 1] ∩ F | = 4n − 4 and
|F | = 4n− 3, we have that j is equal to k− 1 or 1. Without loss of generality, assume j = 1. Let F12 ⊆ F be the set of edges
between Q [1] and Q [2]. Similarly, we have that E(Q [i]) ∩ F = ∅ for i ∈ {0, 3, 4, . . . , k − 1} and |F12| = 1. Therefore, F
consists of 4n− 5 edges in Q [1], one edge in F01 and one edge in F12.
Let F01 = {uv}, F12 = {xy}, where u ∈ V (Q [0]), y ∈ V (Q [2]) and v, x ∈ V (Q [1]). Suppose that v = x. Then M ′ is a
perfect matching of Q kn , which contains exactly one edge xy of F . Since Q [1] − F has no isolated vertex, there exists an edge
xw ∉ F in Q [1]. So (M ∪ {xw, yn2(w)}) \ {xy, wn2(w)} ⊆ E(Q kn ) − F is a perfect matching of Q kn , a contradiction. Suppose
that v ≠ x. Then Ed∗ \ {uv, xy} has a perfect matching, a contradiction again. The proof is complete. 
3. Conclusions
In this paper, we prove that both the matching preclusion number and the conditional matching preclusion number of
Q kn with even k ≥ 4 attain the maxima. This result shows that Q kn with even k ≥ 4 has the ability to retain perfect matchings
after the failure of edges. Future work will deal with the study of matching preclusion for Q kn with odd k ≥ 3.
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